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1 Introduction 

In the recent years, there has been remarkable interest in noncommutative geometry [1], which has 
made a dramatic appearance in string theory [2] and has made noncommutative field theory (NCFT) 
[3] an active field of study The various aspects of noncommutative gauge theories have been extensively 
studied and a number of novel phenomena discovered (for a review see [4] and the references therein) . 
The conventional noncommutative gauge theory is characterized by replacing the familiar product of 
functions by the Moyal ^-product and is therefore a nonlocal theory involving higher order derivatives 
between the fields. From perturbative point of view, the theory consists therefore of planar and 
nonplanar diagrams. The latter are usually the source of the appearance of a certain duality between 
ultraviolet (UV) and infrared (IR) behavior of the theory. This UV/IR mixing phenomenon manifests 
itself in the singularity of the amplitudes in two limits of small noncommutativity parameter 6 and 
large cutoff A of the theory [5]. 

Apart from these features noncommutative field theory exhibits certain dynamics of a quantum 
mechanical model in a strong magnetic field [6]. Recently the connection between the dynamics in 
relativistic field theories in a strong magnetic background field and that in NCFT has been studied 
in [7, 8, 9, 10]. In [7], the nontrivial dynamics of the fermionic Nambu-Jona-Lasinio (NJL) model 
in a constant magnetic background is considered. The effective action of this theory is determined 
for strong magnetic field in the regime of lowest Landau level (LLL) dominance and its dynamics is 
compared with a conventional noncommutative field theory. Similarly the chiral dynamics of QED and 
QCD is shown to be governed by a complicated nonlocal NCFT [8, 9, 10]. In all this cases, however, 
the emergent effective noncommutative field theory is different from the NCFT ones considered in the 
literature [3]. In particular, the UV/IR mixing [5], taking place in the conventional NCFT is absent 
in these class of "modified" noncommutative field theories. 

In this paper, we will present another example of this phenomenon. Here, we will determine the 
effective action of a composite scalar field in a scalar O(N) model in the presence of a strong magnetic 
background field using two different methods. In section 2, we will introduce the scalar O(N) model 
in Euclidean spacetime and will compute the effective action for the composite scalar field. In section 
3, in the framework of worldline path integral method [11, 12, 13, 14] the 1PI n-point vertex function 
for the composite field will be determined in the limit of strong magnetic background field. The 
emergent n-point function will be comparable with the n-point vertex function of a certain modified 
noncommutative field theory, where no UV/IR mixing occurs. In this case, as in the previous cases 
[7, 8, 9, 10], besides the usual Moyal phase factor, an additional Gaussian like form factor appears 
in the n-point vertex function of the composites. This exponentially damping form factor reflects an 
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inner structure of the composites and is responsible for the removal of the UV/IR mixing. 

In section 4, the effective action of n composite fields will be calculated in the strong magnetic field 
limit, using the same method as in [7]. First the Green's function of the theory will be determined in 
the regime of LLL dominance. Then, using this effective propagator the contribution of n composites 
to the full effective action of the theory will be determined. In section 5, the 1PI n-point vertex from 
section 3 will be compared with the LLL n-point effective action from section 4. We will show that 
here, as in NJL model in the presence of constant magnetic background [15], a dimensional reduction 
from D = 4 to D = 2 occurs in the longitudinal section of the effective theory where a free propagation 
of the composites are observed. In the transverse section however, a modified noncommutative field 
theory arises where no UV/IR mixing occurs. 

2 Effective Action for Composite Scalar Field 

Let us start with the Lagrangian density of a scalar O(N) model in Euclidean spacetime 

£ = -\D^\ 2 -m 2 $*$- A($*$) 2 , (2.1) 

where <3? = (</>i, 02, • • • , 4>n) and covariant derivative is defined by 

= + ieA^. (2.2) 

To study the dynamics of the bound state formed in this theory c , we introduce the composite field 

cr = A$*$ and a new coupling constant g = XN. The Lagrangian density (2.1) can then be given by 

N 
2? 

and the effective action for a reads 



£ = -|.D /i $| 2 -m 2 $*$- < 7$*$+ — a 2 , (2.3) 



2g 

where T[a] is found using the standard deformation 



f [a] = F[a] + — / d A x a 2 , (2.4) 



5 r M = J V$* V$ exp(y d 4 x [\D^\ 2 + m 2 $*$ + a$*$] 
= J V§* V§ exp (^j d A x Q*[-D^D^ + m 2 + cr]<I> 



= exp (-Tr ln[-L> M L^ + m 2 + a]) , (2.5) 

and is therefore given by 

T[a] = -Trln[-D^ + m 2 + a]. (2.6) 
c In appendix A, we will show that even in a theory with one fermion flavor a condensate is built in the presence of a 
strong magnetic field. 
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In the following two sections, we will calculate F[a] in the presence of a strong background magnetic 
field using two different methods. In section 3, we will calculate the 1PI n-point vertex function 
r^pj[pi, • • • ,p n ] using the worldline path integral formalism [11, 12, 13, 14]. In section 4, we will 
follow the method which was used in [7] to determine the effective action of a (D + l)-dimensional 
Nambu-Jona-Lasinio (NJL) model in the regime of lowest Landau level (LLL) dominance. 

3 Effective Action of the Composite Field from the Worldline Formalism 

The worldline formalism is originally introduced in [11] as a useful mathematical tool to study the 
effective field theory limit of the underlying string theory. In this formalism, all path integrals are 
manipulated into Gaussian form, and this reduces their computation to the calculation of worldline 
propagators and determinants. In this section, we will keep very closely to the notation of [14], d where 
among many other examples the n-point amplitude of a massive (p 3 theory in the one-loop level and 
QED in a constant magnetic background field are calculated separately. Here, we will combine the 
results presented in [14], and will determine the n-point vertex function of the composite field a. At 
the end, we will consider the limit of a constant but strong magnetic field as background. In this way, 
we arrive at an effective vertex function which is comparable with the vertex function of a certain 
modified noncommutative field theory (NCFT) for the composite field a, where besides the Moyal 
★-product of the conventional noncommutative field theory, a certain exponentially damping factor 
occurs in the interaction vertices of a [7]. This factor is shown to play an important role in providing 
consistency of this class of modified NCFT [7, 8, 9, 10]. 

Let us start with the worldline path integral representation for the effective action (2.6), which 
reads [14, 12] 

T[a] = N f°° d ^e-™ 2T f Vx(r) ~ f>(&«°*-«*))+°(*))) , (3 .1) 

JO T Jx{T)=x{0) 

where coefficient N before the integral reflects the 2N degrees of freedom of our scalar O(N) model. 6 
This path integral is to be calculated using the Gauss formula 

J dx e - x -°- x+2b - x ~ (det(0))-^e b -°" l b , (3.2) 

with 0~ x the inverse of the operator O. To build O -1 , we have to be careful about the zero eigenvalues 

of O, which are to be excluded from its spectrum. To deal with these zero modes/ contained in the 

d The reader is also referred to the excellent review of M. Strassler [12] for more useful examples and details. 
e If we were working only with one neutral scalar field, this coefficient would be |. 

'in the eigenvalue equation Oip = Xip these zero-modes correspond to constant eigenfunctions %p =const. 
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coordinate path integral / Vx as constant loops, they are to be separated from their orthogonal non- 
zero modes y(r) by evaluating x(t) around the loop center of mass xq. In other words, replacing x^(r) 
by x^(t) = xft + yV( T ) with 

/ dr^(r)=0, 
J o 

the coordinate path integral reduces to an integral over the relative coordinate y(r) 



J Vx = J dxo J Vy. 



(3.3) 



In this way, the effective action F[a] is expressed by an effective Lagrangian C e ff, representing as an 
integral over the space of all loop with fixed common center of mass xq [14], 



r[<j] = J dx C e ff[a;x ]. 



(3.4) 



At this stage, we restrict the background to be constant. Using Fock-Schwinger gauge centered at xq 
we may take A^{x) in (3.1) to be of the form [13] 



(3.5) 



where F^ v is the constant field-strength tensor of A^. After removing the zero-modes, the operator 



dr 2 



— 2ieF-£p becomes invertible. The worldline Green's function is then given by [14] 

2fa| (£s - 2ieF j^j fa) = QB{n,Tj), 



where 



with Z = eFT and 



GB(Ti,Tj) = 



-iZGsi 



2(Zy \sm{Z) 



+ iZG B ij - 1 I , 



{n-TjY 



(3.6) 



(ji - Tj 



Gsij = GB(n, Tj) = \n - Tj\ 
G B ij = G B (n, Tj) = sign(rj - Tj) - 2 

The Green's function (3.6) is used as the correlation function for the coordinate field 

{y»{T i )y»{T j )) = -g^g B {T i ,Tj). 

To proceed, we also need to calculate the free worldline path integral 



(3.7) 



(3.8) 



Jvyexp^-j^ dT^y 2 + iey ■ A(y(T))^j 



Det'~2 



d 2 



d 



= (47rT)"~ Det /_ 2 
= (47rT) _ ^det"5 



1 - 2ieF [ — 
ar 



sin(eFT) 



-i 



eFT 



(3.9) 



This result is obtained using the method introduced in [14]. On the first and second lines, the primes 
denote the absence of the zero modes in the determinant. 

Let us now turn back to the effective action T[a] from (3.1) containing the interaction term a. 
To find the n-point vertex function, we recall from quantum field theory that one-particle irreducible 
(1PI) n-point function can be obtained from one-loop action r[<r] by a ra-fold functional differentiation 
with respect to a. In momentum space, this operation is implemented by replacing the background 
to a sum of plane waves, 

<7(s) = (3.10) 
i=i 

and picking out the term containing every pi only once. We arrive at 

T 1Pl [ Pl ,---,Pn] = N(-l) n ^e~ mT Hdn 

Jo J- Jo ~l 

x fdxof Vy exp(^ Pi ■x,)e-io T ^(i i2 + iei -^W)). (3.11) 
i=i 

Having x-i = x(ti) = xq + y(rj), the xo-integral leads to energy- momentum conservation 

// n \ n 

dx exp lix ■ ^ Pi\ = (2tt) D 6 Pi) ■ 
\ i=i / i=i 

To perform the y integration, we use the result from (3.9). This leads to the following parameter 

integral 



riPibi, ■■■,!>*] = N(-lT(2ir) D 5^r Pl j ^°°^(4vrT)-f e — ^deH 



sin(e-FT) 



eFT 



n T ( l 11 \ 

x YIJ dr^exp - QB{Ti,Tj) pi-pj . (3.12) 
i=l \ i,j=l J 



To proceed, we will replace Qsiji^j) by ^(r^Tj), which is defined by 

T f e~ idm 3 z -cosZ 



GB(n,Tj) = g B (Ti,Tj) - Gb(t,t) = -^p, ^- s - m z° OSZ + ^- B 'J')' ( 3 - 13 ) 



with the coincidence limit 



T ( 

Gb(t,t) = -^{ZcotZ-1 



Qb{t,t) = icotZ-^, (3.14) 
that are found by applying the relations 

G b (t,t) = 0, G|(r,r) = l. (3.15) 



5 



After replacing Tj — > Tuj in (3.7), the 1PI n-point vertex function in the presence of a electromagnetic 
background field is given by 



riPibi,---,Pn] = N(-l) n (2n) D 5 (X>) jT 



dT 



det 2 



sin(eFT) 
eFT 



n ! / n \ 

JJ / du^exp ^ GsiuiiUj) Pi-pj\ 
i=i Jo \i<j=i J 



(3.16) 



At this stage, a constant magnetic field is chosen for the background. With the S-field chosen along 
the z-axis, we introduce matrices g± and g\\ projecting on x, y and z, r planes respectively 



F = 



( o i o o N 

-10 



\ / 



9± = 



( i o o o N 

10 



\ j 



9\\ 



( o o o o N 



10 

y o o o i j 



(3.17) 



with F = jj. The determinant factor in (3.16) becomes 



det 2 



sinZ 



sinh z ' 



where we have introduced z = eBT. Further, the worldline Green's function (3.6) is given by 



QB(ui,Uj) = G B ij g\\ - — 



T j cosh(zGBij) 



sinh z 



coth z J g ± + — 



T / sinh(zGBij) 



sinh z 



GbuHF 



(3.18) 



(3.19) 



As was stated before, it is desirable to obtain the effective vertex function in the presence of strong 
magnetic field. Let us therefore look at the worldline Green's function (3.19) in the limit of strong 
magnetic field. It is allowed to rearrange the parameters as u± > U2 > ■ ■ ■ > u n -\ > u n . By this 
convention, it is seen that zGnij < z. We obtain 



lim g B {ui,Uj) = G B ij9\\ + 7^-^9± 



Moreover, the determinant behaves in this limit as 

z 



2eB 



GsijF. 



lim 



2ze~ 



(3.20) 



(3.21) 



s^oo sinh z 

In (3.20) and (3.21), we choose the sign of eB > and we denote it by \eB\ whenever eB arises from 
a term that is even in terms of it. Replacing (3.20) and (3.21) in (3.16) for dimension D = 4 yields 9 



riPi[pi, ■■■,Pn] = N\eB\(-l) n {2v 2 ) 5 (X>^) 



dT 

J>2-n 



-(m 2 + \eB\)T 



X 



n f 1 ( n 1 i ■ \ 

II J du i ex P I H 9\\ + - ^B G Bij F ] Pi ■ PjJ ■ ( 3 - 22 ) 



s By [Q Pi ■ Pj for £ = g^, g± or F in (3.22), we mean (^"pi^Pjv Here, i and j denote the i-th and j-th incoming 
momentum; /i and v denote the /i-th and i/-th component of the four vector. 
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To make the meaning of this equation more transparent, each part will be considered independently. 
We refer to the three terms in the exponent as g^, g± and F terms. Among them, g± and F terms 
are independent of T, thus can be taken out of T-integral. 
For g± term we have 

eX P ^ J2 ^^K-Pjj = ex p(^|^|(Pl±-P2±+Pl±-P3± + ---+Pn-l ± -Pr i ±)) , (3.23) 



n. 



where pj_ = {p x ,Py)- Applying the energy-momentum conservation Pi± = 0> we § e t 

i l 

This is exactly the damping factor which appears also in [7] , where the effective action of N JL-model 
is calculated in the LLL approximation. 

To calculate the F term, we use (3.7) with the replacement Tj — > U{T, and are led to 

( i n \ 
ex P ~^T^ [ si § n (^ - Uj) - 2{ui - uj)]F pi pj) . (3.25) 

V 2eB i<j=l J 

To build some parallels to the (modified) noncommutative effective field theory which should arise in 
the large S-limit, we introduce the (noncommutativity) parameter 

Gab = \e ab , (3.26) 
eB 

with e a b the ordinary antisymmetric tensor of rank two and indices a and b denoting transverse 
directions, i.e. x and y coordinates. Using this new definition the product on the r.h.s. of (3.25) 
becomes 

Pi ■ Pj = Pi a 9abP 3 b =■ Pi x Pj. (3.27) 

In the definition of the cross product, we will skip the subscript _L for the transverse coordinates. 
Adhering to our rearrangement for u\ > u 2 > • • • > u n -\ > u n and using the freedom to choose the 
zero somewhere in the world loop for setting u n = 0, we have 

n 

E t(P» X Pj)( U i ~ U j)\ = (Pi X P2)(«l - u 2) + (Pi X p 3 )(ui — U3) H h (Pi X p„)(ltl) 

i<j=l 

(P2 X p 3 )(u 2 ~ U 3 ) + • • • + (p 2 X p n )(u 2 ) + ■■■ + (Pn-1 X p n )(u n _i). (3.28) 

Using further the energy-momentum conservation and the antisymmetry property of the cross-product, 
defined in (3.27), we obtain 

n 

E [(Pi xPi)(«i-«i)] =0. (3.29) 
i<j=i 



The F-term becomes therefore 



n \ / ■ n 



X 

i 



6XP ~2^B S -Pj J = ex P - j X] Pi x Pi • ( 3 - 30 ) 

The same phase factor also appears in the Fourier transform of the vertices in the ordinary noncom- 
mutative field theory [4] that is defined by replacing the ordinary product of functions by the Moyal 
★-product. 

Putting now (3.24) and (3.30) together in (3.22), we finally obtain the 1PI n-point function for the 
composite field a in a strong magnetic field 

TiPibi, • • • ,p n ] = N\eB\{-l) n {2^) 6 exp (--^ f>? ± ) exp - f Pi x Pj 

\i=i / \ I I 2—i / y i<j=l 

poo A'J 1 n pi In \ 

x / 4^ e ~ {m2+m)T n / e [^5n] * - Pj . (3.3i) 

J0 i=l J ° \i<j=l / 

Comparison with the 1PI n-point vertex function 

TiPibi, •••,?«] = ^(-ir(2vrA^ft)/ ° O ^(4vrT)-f e" m2T 

n rl In \ 

J| / duj exp ^ ft -ft , (3.32) 

i=i Jo \i<j=i J 

which is obtained by turning off the electromagnetic field in (3.16), reveals that the parallel sector of 
(3.31), involving the r and z directions, is up to some factor the same as the ripi (3.32) in D = 2 
dimensions, provided that m 2 — > m 2 + \eB\. In the next section, using the method introduced in [7], 
we will find the n-point contribution to the effective action of the composites a in the presence of a 
strong magnetic field in an appropriate LLL approximation. The result will have common features 
with (3.31). In particular, the phases (3.24) and (3.30) reappear in the final result. 

4 Effective Action of the Composite Field in the LLL Approximation 

In the first part of this section, starting from the full bosonic Green's function derived in the seminal 
work of J. Schwinger [16] in the framework of Schwinger proper time formalism, we will determine the 
propagator of a multidimensional complex scalar field <& in the LLL approximation. We then use the 
LLL propagator to determine the effective action of n composite fields a in the LLL regime. 
Let us start with the Schwinger propagator 

G(x', x") = P(x', x")D{x' - x"), (4.1a) 

with 

P(x',x") = exp ^ie jT d^A^ , (4.1b) 



and 



CO 





sinh eFs 



eFs 



exp 



-(x' - x")eFcoth(eFs)(x' - x' 1 



(4.1c) 



In the symmetric gauge 



the part consisting of the Schwinger line integral is equal to 



P(x',x") 



ieB ah l ll 
g 2 ^a-^b 



a,b= 1,2. 



(4.2) 



Here, as in the previous section, B is chosen to be a constant magnetic background field in X3-direction. 
In the translationally invariant part D(x' — x") in (4.1c), it is easy to show that 

1 



x a [eFcoth(eFs)] a /3 x /3 = ^xjj - eB coth( eJ Bs)x^, 



(4.3) 



with Xn = Xq — xl and Xj_ = x\ + x\, and 



1 



exp ( — — trln 



sinh(eFs) 
eFs 



eBs 



sin(eBs) 



(4.4) 



Putting (4.3) and (4.4) in (4.1c) and after taking the Fourier transformation, we obtain 

ds 



D{k) 



exp ( -s ( m 2 - fcg + k ^ tanh ( ejBs ) + k 2 



/o cosh (eBs) V "V"" '" u ' ~ x e5s 
Here, we assume again that eB > and replace eBs — > s. We arrive at h 

^ (is 



(4.5) 



1 /" c 



coshs 



-sp— atanh(s) 



(4.6) 



k^ TfP" — k^ o o o o o o m 

with a = and p = r^gi 11 . Further, k| = A;q — fcj and k]_ = kf + k% are introduced. To determine 
the regime of LLL dominance of D(k), we use first (B.4) from appendix B, to obtain* 

-a 00 . , roc e -s(p+2n') 



D(k) 



\eB\ 



n'=0 



ds 



coshs 



(4.7) 



where L^) is the generalized Laguerre polynomial. Then, using (C.4) from appendix C, we get 



-a oo 



D(k) 



2eB 



E(-ir'47 1} (2«) 



n'=0 



p + 2n' + 1 



p + 2n' + 3 



(4.8) 



h As it was stated earlier eB is chosen to be \eB\ whenever it appears in even terms. 
l A similar method was also used in [17]. 
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Next, we expand digamma function ip(z) [18] according to 



•7^ m'[m' + 2) 

m — 1 v ' 



and arrive at 

p + 2n' - 3 p + 2n' - 1 



Z l ei3 l n'=0,m'=l 



(4.10) 



m'(4m' + p + 2n' - 3) m'(4m' + p + In' - 1) 

Before we continue and determine the LLL form of we note that when the dynamics of a particle 

is stationary, as in the present case with pure constant magnetic background, the energy spectrum 
can be read from the poles of the propagator. In other words, the energy spectrum of a particle in 
magnetic background that is obtained from the relativistic Klein-Gordon equation, coincides with the 
poles of the propagator that entails corrections due to the background. This fact enables us to obtain 
the effective propagator in the LLL dominant regime. 

The energy spectrum of a scalar field in the presence of magnetic background is known to be (see 
e.g. [19]) 



E t'(k) = ym 2 + \eB\(2£' + 1) + for I' = 0, 1, 2, ■ • • 00. (4.11) 

Choosing £' = the energy of the lowest Landau level (LLL) is given by 

E 2 = k 3 2 + m 2 + \eB\. (4.12) 

To find the LLL form of D(k), we determine the variables m and n in (4.10) such that the LLL energy 
arising from the poles of the propagator (4.10) coincides with (4.12). Using the notation introduced 
before, we get E 2 — k 2 — m 2 = k| — m 2 = \eB\ that yields p = —1. As it turns out, the only valid 
choice satisfying the first pole equation m'(4m / + 2n' — 4) = from the first denominator in (4.10) 
is {m! = l,n' = 0). The second pole equation m'(4m' + 2n' — 2) = from the second denominator 
in (4.10) does not have any valid solution and therefore does not contribute to the LLL propagator. 
Thus, plugging (m! = l,n' = 0) in (4.10) and using L^^a) = 1, we get 

_ k i 2 

D LLL (k) = e W (4.13) 
kjj — (m z + \eB\) 

In the coordinate space the LLL effective propagator (4.1a-c) can therefore be written in the form 

G LLL (x',x") = P(x',x")T- 1 I^D LLL (k)^, (4.14) 

where P(x',x") is defined in (4.2) and T~ x denotes the inverse Fourier transform. From now on, we 
drop the subscript LLL, but it is always assumed. G(x',x") obviously factorizes into two independent 
transverse and longitudinal parts 

G(x',x") = G ± (x' ± ,x / _[)G||(xj | -xj[), (4.15a) 
10 



where the transverse part is 

„ , / // s el? ieB_ ab I II \eB\ , , II \2 

G±(xj_,x_[) = -— -e 2 6 x * x b e 4 ^ x ± x ±> , (4.15b) 

including the Schwinger line integral (4.2) and the Fourier transform of the phase factor e~ k J-/' eB ' 
from (4.13), and the longitudinal part is 

G| |(x i| -x i[ )^-{ k ,_ ( J + |eJ;|) }. (4.15c) 

At this stage, we have all the necessary tools to calculate the n-point vertex function T na for n- 
composite fields a. It is obtained through 

Tna = J d^xi ■ ■ ■ <fx n a(xi)G(xi,X2)a(x2)G(x2, x 3 ) ■ ■ ■ a(x n )G(x n , x\) . (4.16) 

Using now (4.15a-c) for G(x', x"), inserting the Fourier transform of the composite fields a and carrying 
out the integrations over x, the n-point contribution to the effective action reads 



f d A pi d 4 p n ( n \ ( n 

T na = 2nN\eB\ J d 2 x x \\ ■ ■ ■ d 2 x n \\ -^-^ ■ ■ ■ -^yr^ 2 { E P*-L j ex P [ 1 E Pi|| ' x 



d A pi d 4 p r , 

1 I ■ 



\i=l / \ i=l 



X 6XP [~4fcB\ ?J P ^ J 6XP ^"2 .^P* x Pi 

v(Pi)G\\ ( x i|| , x 2|| )<r(P2)G\\ (x 2 || , x 3 || ) • • • a{p n )G\\ (x n y , x^ ) . (4.17) 

The cross product on the second line is defined in (3.27) and includes only the transverse coordinates 
of pi i.e. pi± = (pa,Pi2)- In the next section we compare this result with the 1PI n-point vertex 
function (3.31), which we obtained in the previous section in the limit of strong magnetic field. 

5 Modified Noncommutative Field Theory (NCFT) 

Let us consider the n-point vertex function (3.31) which was found in the framework of the worldline 
formalism and the n-point effective action (4.17) which was obtained in the LLL approximation. As 
for the parallel sector of the effective theory, similar to (3.31), (4.17) shows a free propagation of the 
composite field a in the longitudinal coordinates, with the effective square mass m 2 + \eB\. The same 
dimensional reduction from D = 4 to D = 2 dimensions was also observed in the dynamics of fermion 
pairing in a constant magnetic field for an effective NJL model [15]. 

As for the transverse part, the general structure of both results (3.31) and (4.17) can be compared 
with the general structure of an n-point vertex of a conventional NCFT (see for instance in [4]) 
n-times / n \ / n \ 

J d D x c/)(x) * ■ • • ★ <j>(x) = J j^m---j^n 6 ° ex P (~2~ ? Pi x Pj ) ^(p 1 )""^^)- 



i<j=l 

(5.1) 
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Here, the ordinary Moyal ^-product is denned by 

a, b = 1,2, (5.2) 



(x) * <j)(x) = e 2 d y a 8^a(y)a(z) 



y=z=x 

which reflects the noncommutativity in the x\ and xi coordinates 

[x a ,x b ] = i9 ab , a, b = 1,2, (5.3) 

with # a b = Qe a \) and e ab the ordinary antisymmetric tensor of rank two. Similarly, as was originally 
shown in [7] for a fermionic NJL model, the noncommutative feature of (3.31) and (4.17) manifests 
itself in the phase factor containing the cross product pi x pj = p10 a bP h j with a, b = 1,2 with defined 
in (3.26). However, here in contrast to the ordinary noncommutative field theory, in (3.31) as well as 
in (4.17) an additional phase factor 

eXP ("^j£ P ^)' (5 ' 4) 
appears which modifies the noncommutativity between the longitudinal coordinates (5.3) to 

[x a ,x b ]=i6 ab , a, b = 1,2. (5.5) 

The modified noncommutative parameter 6 is given by [7] 

?=jl( 1 sign ^y (5.6) 

\ eB \ y -sign(eS) % J 

Using this definition, the full phase factor which manifests the noncommutative properties of the 
effective n-point vertex function can be rewritten as 

(1™ ■ n \ / ■ n \ 

Yl Pi-L - \ H P* x Pi = ex P ~\ H P^Pi . 
I I i=l i<j=l ) \ «<J=1 / 

with pjXpj = pfO a bp b j,a,b = 1,2. In the special case where the composites are independent of the 
longitudinal coordinates, xy, the effective action of n composites, (4.17), in coordinate space is 

T na ~ J d 2 x\\ d 2 x ± q-(x_l) ★ • ■ cr(xj_) , (5.7) 

n-times 

with the modified Moyal ^-product, defined by 

<t(x±) * ^(x±) = e^ a "^ r ^ E a(y)a(z) , a, b =1,2. (5.8) 

y=z=x 

Alternatively, the above phase factor (5.4) can be absorbed in the definition of the composite field a, 
leading to a new smeared field [7] 

E(x) = e^a(x) (5.9) 
12 



In terms of the smeared fields S, the effective action r n £ of n composites in coordinate space is similar 
to (5.7) with a replaced by £ and modified ^-product replaced by ordinary ^-product (5.2). 

It is worth to mention, that the damping phase factor (5.4) protects the modified NCFT from the 
appearance of the UV/IR mixing [5] which appears in the ordinary NCFT. This can be shown by 
writing the one-loop correction to the tree level propagator G t J ee (p). The one- loop vertices can be 
read e.g. from the (4.17) for n = 4. The explicit calculation, similar to what is performed in [7] 
for NJL model, shows that when the loop momentum £ — > oo, the loop integral is convergent for all 
external legs momenta p, even for pj_ — > 0. 

6 Conclusion 

In this paper, using two apparently different methods, the effective action of n composite scalar fields is 
derived in the presence of a strong background magnetic field. In section 3, the 1PI n-point amplitude 
of these composites is determined in the framework of worldline formalism. Following the standard 
manipulations, we arrived first at the path integral representation of the n-point vertex function in 
the presence of a constant magnetic field. As a novelty, we then took the limit of strong magnetic 
field and ended up with an effective n-point vertex function which is similar to the vertex function 
of a "modified" noncommutative field theory. In comparison to the standard noncommutative field 
theory a phase factor occurs which protects the effective field theory from inconsistencies due to the 
appearance of UV/IR mixing. 

In section 4, we followed the method presented in [7] and calculated the contribution of n composites 
to the effective action in the regime of lowest Landau level (LLL) dominance. First, starting from 
the full Schwinger propagator of the scalar field in the presence of a background field, we derived the 
effective propagator of the theory in an appropriate LLL approximation. Then, using this effective 
Green's function, we determined the n-point effective action in this approximation. 

In section 5, we compared both results from section 3 and 4. We showed that here, as in NJL model 
in the presence of constant magnetic background [15], a dimensional reduction from D = 4 to D = 2 
occurs in the longitudinal section of the effective theory where a free propagation of the composites 
are observed. In the transverse section however, a modified noncommutative field theory arises where 
no UV/IR mixing occurs. The emergence of a modified noncommutativity is due to a breakdown of 
the translational invariance which, in section 4, exhibits itself in an explicit dependence of the full 
Green function of the theory on a Schwinger phase line integral. Although the Schwinger line integral 
does not appear explicitly in the worldline formalism in section 3, but in the heart of this formalism 
is in fact, the expectation value of the Wilson loop which is the Schwinger phase line integral taken 
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along a closed loop. 
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Appendix A 

In this appendix, we show that in four dimension and in the presence of a constant magnetic back- 
ground field, dynamical symmetry breaking occurs and a condensate always develops. This authenti- 
cate our assumption for introduction of the composite field a in section 2. The condensate is expressed 
through the complex boson propagator G(x',x") = i(0\4>* (x')<j)(x")\Q) 

<O|0*0|O> = -i lim G{x',x") = --^l / TTTTTT^ ■ (A.l) 

x 1 1 1 x'^x" y ' (4vr) 2 Jo ssin(| eJ B|s) v ; 

To deal with the infinity in the integral arising from s — > limit, we can either restrict the lower 

limit of s — > or alternatively render it finite through ("-function regularization. Here we opt for the 

latter. After rotating the contour of the s-integration by s — > —is, we introduce \x in the exponent of 

(A.l) to get 

lei? I r°° s M_1 o ™ 2 

W>I ) = -7t4/ ds -T7T e ( A - 2 ) 
(47r) 2 Jo smh(s) 

In the spirit of dimensional regularization, we will analytically continue to fx — > 0. By making use of 
the integral representation of the Hurwitz (-function, 

C( r , v) = — - / dt f' 1 7, Re t > 1, Re^ > 0. (A.3) 

T(t) Jo 1 - e~* 

Thus, the integration in (A. 2) can be written as 

WW - ^^rc* ("• ^ + 5) ■ < A - 4 > 



Expansion around the poles yields 



A* , (A.5) 



where we have used the identities 



CM = \-v 
^- r Q(r,u)\ r= o = lnrH-iln(27r). (A.6) 

2 



Keeping the finite terms in (A.5) and taking the limit m — > 0, we obtain 



m<Pl0) = (4^ ln(2) - (A - 7) 
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This relation shows that in the presence of a constant magnetic background field the expectation value 
of the condensate is nonzero and the composite field a is always formed. As it was implied earlier the 
condensate is proportional to \eB\. 



Appendix B 

In this appendix, we derive the useful formulae which will help us to determine the LLL effective 
propagator in section 4. We start with the identity 

Xz 

n 

n'=0 

where iffl are the generalized Laguerre polynomials [18]. For = —1, it can be written as 



(1 - zi-P-V exp(-^ T ) = £ lW(A)*»', for \z\ < 1, 



cxp 



X/ z + l \ 
2\z-l) 



for 



\z\ < 1, 



n'=0 



with iffl satisfying 



4, =L n ,(A)- V-i(A). 

Defining z = —e~ 2s and using (B.2), we obtain- 7 

I e s — e~ s 



e -atanh(s) = gxp 



a 



e s + e 



e-«^(-ir'4; 1) (2a)e 



-2n's 



n'=0 



Appendix C 

In order to perform the integrals of the form 



-zt 



dt- 



lo cosh(i) ' 
we start from the definition of digamma function [18] 

/•OO 

i/;(z)+-f= / dt 
Jo 

Then it is easy to show that 



e ' — e zt 


roo 




= / dt 


1 - e~* 


Jo 



e 2 — e *- 2 a)* 



(e4 — e + e 4^ 



-JZt 



Replacing t — > 4i, we finally arrive at 

(it 



o cosh(t) 2 



z + 3 



z + 1 



(B.l) 



(B.2) 



(B.3) 



(B.4) 



(C.l) 



(C.2) 



(C.3) 



(C.4) 



J The condition \z\ < 1 is satisfied because in (4.7) s = is a singular point. To deal with this infinity the integral is 
always proper-time regularized by having by replacing the integration interval from [0, +oo] to [-^,oo]. 
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